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Abstract: Square-root cubature Kalman filter (SCKF) is more effective for nonlinear state estimation than an unscented Kalman
filter. In this paper, we study the design of nonlinear filters based on SCKF for the system with one step noise correlation and
abrupt state change. First, we give the SCKF that deals with the one step correlation between process and measurement noises,
SCKF-CN in short. Second, we introduce the idea of a strong tracking filter to construct the adaptive square-root factor of the
prediction error covariance with a fading factor, which makes SCKF-CN obtain outstanding tracking performance to the system
with target maneuver or abrupt state change. Accordingly, the tracking performance of SCKF is greatly improved. A universal
nonlinear estimator is proposed, which can not only deal with the conventional nonlinear filter problem with high dimensionality
and correlated noises, but also achieve an excellent strong tracking performance towards the abrupt change of target state. Three
simulation examples with a bearings-only tracking system are illustrated to verify the efficiency of the proposed algorithms.
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1 Introduction

Kalman filter presented by Kalman (1960) is a
strong tool dealing with the state estimation of the
linear dynamic system, and it leads to the establish-
ment of modern filtering theory and is improving
rapidly during the past half century. At the same time,
as modern control systems become more and more
complicated, a large number of nonlinear problems
are emerging. Accordingly, the traditional linear fil-
tering techniques are not able to meet the increasing
demands from applications.
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The classical method for nonlinear estimation is
the extended Kalman filter (EKF) based on the lin-
earization theory with Taylor’s series expansion, but
the application capability is significantly limited be-
cause of low accuracy, bad stability and convergence,
and high running complexity induced by the compu-
tation of the Jacobian matrix. To overcome the
shortcomings of EKF on estimation accuracy, stability,
convergence, etc.,, some novel nonlinear filtering
approaches were proposed (Zhou et al., 1999; Aru-
lampalam et al., 2002; Julier and Uhlmann, 2004;
Deng et al., 2006; Arasaratnam and Haykin, 2008).
The first is the strong tracking filtering (STF) estab-
lished by Zhou et al. (1999) and Zhou and Ye (2000).
Its kernel is to introduce a fading factor that relates to
the newest measurement innovation in the prediction
error covariance matrix. Accordingly, the gain matrix
can be adjusted adaptively by the current measure-
ment. STF achieves better estimation performance
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than EKF (Julier and Uhlmann, 1997; He et al., 2006;
Xu et al., 2009). STF is very effective for the uncer-
tainty of system models, abrupt state change, and
target maneuver. Specifically, it can prevent the in-
formation loss induced by linearization. However,
STF still needs linearization operation. After that, the
unscented Kalman filter (UKF) proposed by Julier
and Uhlmann (2004) was used. UKF uses the
nonlinear model of the system instead of linearization
and does not need to calculate the Jacobian matrix. It
adopts a nonlinear unscented transformation and a set
of sampled points to approximate the probability
density of the nonlinear transformation function.
Theoretical study shows that this method can achieve
at least second-order accuracy. There have been many
achievements using UKF (Wan and van der Merwe,
2000; Julier and Uhlmann, 2004; Pan et al., 2005;
Xiong et al., 2006; Zhu and Zheng, 2008). However,
its accuracy still cannot completely satisfy the re-
quirements of practical applications. More impor-
tantly, the performance of UKF will obviously de-
crease when the system state dimensionality is rela-
tively high, which is called ‘the curse of dimension-
ality’ (Daum, 2005). Simultaneously, the absence of
positive definition may probably be more hazardous
as it prevents UKF from running continuously. Parti-
cle filter (PF), a kind of Monte-Carlo method, uses the
random sampled points to describe the distribution of
random probability (Arulampalam et al., 2002). It
approximates the real probability distribution based
on the measurement by adjusting the weights of
sample points and sample locations. Compared with
EKF and UKF, PF greatly improves the estimation
precision of the nonlinear filter, but leads to tremen-
dous computational complexity, which restricts its
application in real-time systems.

Recently, Arasaratnam and Haykin (2009) pro-
posed the square-root cubature Kalman filter (SCKF).
It uses the spherical cubature rule and radial rule to
optimize the sigma points and weights. Thus, the
ability to deal with the high dimensional state is
greatly enhanced for nonlinear estimation. The esti-
mation precision and stability are also clearly im-
proved. Meanwhile, the QR decomposition avoids the
square-root operation of the prediction covariance

matrix to ensure the continuity of the filtering process.

By analysis, we can see that the existing SCKF does
not consider the correlated case between process and

measurement noises, and lacks the ability to track
sudden state change. Especially in the field of target
tracking, this situation often occurs. It is necessary to
ensure that SCKF obtains the correlation of noises
and has a strong tracking ability in sudden situations.

This paper studies the design of nonlinear filters
for the nonlinear system with one step correlation
between process and measurement noises. First, the
SCKF with correlated noises, SCKF-CN in short, is
derived. Next, by introducing the idea of strong
tracking filtering to construct a fading square-rooting
factor of the prediction error covariance, a universal
nonlinear filter SCKF-STF-CN is proposed based on
SCKF-CN and STF. The universal filter can not only
be used for the conventional nonlinear state estima-
tion but also has better ability to deal with the inac-
curacy model and abrupt state change. We present the
implementation processes of the filters, and verify
their efficiencies by some examples with bearings-
only tracking.

2 Problem formulation
2.1 System description

Consider
system:

the following discrete nonlinear

K = f k-1 k,k—11
{x (%) + W, O

z, =h(x,)+v,,

where x, € R™ is the state of the system, f and h are
known functions, z, € R™ is measurement to state Xy,

and {wyk1} and {v} are both Gaussian white noise
sequences with zero means, satisfying

Wy k1 T T\ |_ Qk,k—l Dy
e[ o % R @

Qkk-1 and Ry are the variances of process noise W x-1
and measurement noise vy, respectively, and Dyis the
covariance of two noises. The initial state estimation
and its covariance are Xo and Py, respectively.

2.2 Problem formulation

For the system (1), we establish a universal
nonlinear filter based on SCKF, which should have
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the following two functions. The first is to estimate
the system state with one step correlation between
process and measurement noises. The second is to
obtain a strong tracking ability towards abrupt state
change for maneuver target tracking. By these means,
we should derive the SCKF formulae with the noise
correlation coefficient, and introduce a strong track-
ing fading factor to adjust adaptively the square-root
factor of the prediction error covariance. Then, the
universal nonlinear filter can be obtained.

3 Square-root cubature Kalman filter with
correlated noises

Because of the errors introduced by finite word-
length, two basic properties of an error covariance
matrix, symmetry and positive definition, are often
lost. It is important to preserve these two properties in
each update cycle, however. The cubature Kalman
filter (CKF) may suffer from the computational
complexity and cannot run continuously. Thus, the
QR decomposition is included in SCKF to compute
the prediction error covariance matrices.

In CKF the covariance matrix is P=AA". We
easily have A'=QR in terms of the QR decomposition.
Q is an orthogonal matrix and R is an upper triangular
matrix. Then, the covariance P becomes

P=AA"=R'™Q'"QR=R"R=SS", ©)

where S=R".

The QR decomposition can avoid the square-
rooting operation of the covariance matrixes. The
filtering continues even if the covariance matrix is not
positive definite.

Based on the SCKF in Arasaratnam and Haykin
(2009), we derive an SCKF with one step correlated
noise, SCKF-CN in short.

Here, we introduce the notations involved in
SCKF-CN formulation.

1. A general triangularization algorithm is de-
noted as S=Tria(A), where S and A are as given in

Eq. (3).
2. W, =diag{\/51, Jo,, \/a} where m=2n,,

and @=1/m (i=1, 2, ---, m) are the weights of cubature
points.

3. Sqr and Sgy are square-roots of co-variance

matrices Q-1 and Ry of the process and measure-
ment noises, respectively.
Theorem 1 (SCKF-CN algorithm)  Similar to the
Kalman filtering frame, the SCKF-CN algorithm is
also composed of two steps, namely time and meas-
urement updates.

1. Time update

1) Compute

Sk-uk-l :Tria([xk-uk-z - Kk—lzk—ﬂk—Z’ Kk—lsR,k—l]) , (4)

where Xi 12, Zi-1jk-2, and Ky_1 can be computed ac-
cording to Egs. (17), (15), and (18), respectively.
2) Evaluate the cubature points

Xi,k—l|k—1 = Sk—l\k—lgi + )’ik—ﬂk—l’ i=12,---,m, (5)

where m=2n, and & =+/m/2-[1]. Here, [1]eR® be-
longs to the following set of points:

GGG o

3) Evaluate the propagated cubature points
xi*,k\k—l =f (xi,k—l\kfl) ,1=12,-,m, (7)

and the predicted state

N 1 .
X1 = _Z Xi,k|k—1 . (8)
m iz

4) The square-root factor of prediction error
covariance is

Sk|k—1 = Tria([X:|k—l’ SQ,k]) ) )
where

* * > * A
Xk|k—1_ I:Xl,k\k—l - Xk|k—1' Xz,k\k—l - Xk|k—1’

A (10)
" xm,k|k—1 - Xk\k—l]Ws'
2. Measurement update
1) Evaluate the cubature points
Xikkor = Sy + )A(k\k-w i=12,---,m, (11)

and the propagated cubature points
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Zi i =X ), 1=12,--,m. (12)
2) Estimate the predicted measurement
- 1
Ly :_zzi,k|k—l' (13)
m iz

3) Compute the square root of the innovation
covariance

Szz,k\k—l = Tria([zk|k—l’ SR,k]) ) (14)
where
Zklk—l = |:Zl,k|k—1 - 2k|k—1’ Zz,k|l<-1 - 2k|k—1’ (15)
T Zm,k|k—l - Zk\k—l]Ws'
4) Estimate the cross-covariance matrix
Peks= XikaZiwa T Dy (16)
where
xk|k—1: I:xl,k\k—l - Rk|k—1’ Xz,k|k—1 - )A(k\k—ll (17)
h Xm,k\k—l - )zklk—l:IWs'
5) Compute the Kalman gain
T
K = sz,k|k—1 / Szz,k\k—l (18)
e
Szz,k|k—l
6) The final updated state estimation is
)2k|k = )’Zk|k—1 + K (z - 2k\k—1) , (19)
and the estimation error covariance matrix is
Pk\k = I:xk|k—l - Kkzklk—l’ KkSR,k]
(20)

T
'|:Xk|k—l_Kka|k—l’ KkSR,k :

According to Wu and Hu (2005), we know that
for the systems with additive process and measure-
ment noises, the covariance is a weighted outer
product of the transformed points plus the noise co-
variance. Considering one step noise correlation with
Di=E(Wii_1vi') in Eq. (2), we have

P

_ Ty _
xz klk=1 — Xk|k—lzk|k—l + E(Wk|k—lvk )= Xk|k—lzk\k—1 +D,.

Obviously, if the noises are not correlated, we
have D=0 and Py, xk-1=Xkk-1ZKk-1, s in Arasaratnam

and Haykin (2009).

Clearly, the difference between SCKF and the
proposed SCKF-CN is the Dy in Eqg. (16). It means
that the SCKF-CN algorithm can operate in the case
of one step correlation between process and meas-
urement noises. A way to obtain Eq. (16) with Dy was
discussed in Li and Ge (2010) and we also use it in
this work.

Like SCKF, SCKF-CN is only a nonlinear fil-
tering algorithm for high-dimensional systems and
cannot effectively cope with the abrupt state change.
Next, we introduce the idea of strong tracking and
propose a novel nonlinear SCKF-CN with strong
tracking performance.

4 Square-root cubature Kalman filter and
strong tracking filter with correlated noises

4.1 Strong tracking filter with correlated noises

Strong tracking filtering (STF) was proposed to
deal with the uncertainty of system models, especially
the abrupt change of target state. It is a wise choice for
maneuver target tracking. To improve the tracking
performance of the SCKF-CN towards target ma-
neuver or abrupt state change, we introduce the
‘strong tracking’ concept to perfect the function of
nonlinear filtering based on the SCKF-CN.

Because of the correlation between the process
and measurement noises, consideration should be
given to computing of the fading factor. In strong
tracking filtering, the orthogonality amongst the
measurement innovations at different times must be
satisfied. Namely, a filter can have the strong tracking
performance only if the filter selects a time-varying
filtering gain matrix that satisfies the following
conditions:

E((Xk+1 - )’Zk+ﬂk+1)(xk+l - )A(k+1\k+1)T) = min, (1)
E(Yk+1+j?:11) =0, k=012,

where the residual error or measurement innovation is

=4 — 2k|k—1‘ (22)
The second formula in Eq. (21) requires every resid-
ual error be orthogonal. In this case, the useful in-
formation in the residual error can be extracted to
track the actual state. Then, the fading factor can be
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computed as follows.
Lemma 1l The time-varying sub-optimal regulator
A can be calculated as follows:

A ={ck, ¢ >1 23)
1, ¢ <1
where
¢ =trN,/trM,, (24)

N, :Vo,k -pR - Hk,ik‘k,l '(Qk,k—l _‘Jk—le—l‘JTk—l)HT

K X1 ?

M, = (kal,ik,ﬂk,l - ‘]k—lHk—l,f(k,ﬂk,l ) Pk—l\k—l
’ (FkT*L Rt - ‘Jk—lHk—l, Rieg-1 ) H;;(MM Hkxik\m !
(25)
where
of (x,)
K1, Ryt = OX . ’ (26)
k X =Ry g1
. — ah(xk) (27)
K Ry axk P !
Xy =Xyk-1
ah(x,)
= @
Xk = Xg-1k-1
J(k)=D,R*, (29)
el k=1, (30)
0k — T
(AVosr + 72k )/(l+ p), k>1.

According to the basic formulation of the STF
theory in Zhou and Ye (2000), the forgetting factor p
should be 0<p<1 and is commonly chosen as 0.95.
The softening factor g is equal to or greater than 1 for
smoothing the state estimation. £ can be set by ex-
perience. We set f=1.2 in this study.

4.2 SCKF-STF-CN

The essence for the strong tracking is to adap-
tively adjust the prediction error covariance Py by
use of the fading factor (Zhou et al., 1999; Zhou and
Ye, 2000). There is a substantial difference for Py1
between SCKF and methods such as UKF and EKF;
i.e., SCKF depends on Sx-1 and need not compute
Puk-1. Thus, we should adjust Pi1 to achieve the
adaptive effect using a fading factor.

Theorem 2 (SCKF-STF-CN algorithm)  The run-
ning formulae for the SCKF-STF-CN algorithm are
similar to those for the SCKF-CN shown by Egs.

(4)—(21). The only difference is that Eq. (9) should be
rewritten as

Sk|k—1 = \/ZTria([X:\k—l' SQ,k])' (31)

Proof According to the strong tracking concept and
Eqg. (3), we have

APgcr=AAAT = 4RTQ'QR
=4R'R= \/ZRT\/ZR = Sk\k—lsl;r\k—l’
Sk|k—1 = \/ZRT :

Then, combining Eq. (9) for SCKF-STF-CN, one can
obtain

(32)

where
(33)

Suer =VATIA(X 1 SouD) - (39)
The proof is finished.
A more strict and exact solution to Sy is pos-

sibly Tria([y4 X; 1, So,]) . However, there is not

clear difference on the estimation accuracy between
the two solutions. Then, the running sequence of the
SCKF-STF-CN algorithm is Egs. (4), (5), (7), (8),
(23)-(30), (31), (11)—(14), (16), (18)-(20).

5 Brief analysis

By considering one step correlation between the
process and measurement noises and introducing the
time-varying sub-optimal fading factor of strong
tracking filtering, the current SCKF in Arasaratnam
and Haykin (2009) is improved for nonlinear state
estimation. As a result, SCKF-STF-CN is proposed
for the system with a kind of noise correlation and
state maneuver. First, we give the formulae for
SCKF-CN, especially Eg. (16) which represents one
step noise correlation. Second, the square-rooting
factor of the prediction error covariance with a fading
factor is derived based on SCKF-CN and STF. Finally,
the integrated running formulae for SCKF-STF-CN
are presented.

Compared with the current nonlinear estimators
such as SCKF and UKF-STF-CN given in Li and Ge
(2010), the proposed SCKF-STF-CN estimator has
the following advantages:



Ge et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2011 12(8):678-686 683

1. SCKF can estimate only the conventional
nonlinear state for the system with uncorrelated
noises, and does not have the ability to track the target
maneuver. In contrast, the proposed nonlinear filter
can easily deal with the one step correlated noises,
and achieve the strong tracking ability in dealing with
the target maneuver or abrupt state change, and un-
certain system models. Therefore, SCKF-STF-CN is
superior to SCKF on estimation accuracy, and has
strong robustness on the mismatching of model pa-
rameters and low sensitivity to initial statistical prop-
erties. Its computational complexity is also moderate.

2. Although UKF-STF-CN is derived for the
system with one step noise correlation and possible
abrupt state change, the use of UKF leads to a weak
estimation performance for high-dimensional nonlin-
ear tracking systems.

Therefore, to estimate the state of a high-
dimensional nonlinear system, by applying SCKF and
STF and considering the one step correlation between
process and measurement noises, the proposed
SCKF-STF-CN achieves more extensive overall
properties, better performance, and stronger tracking
ability to deal with the target state maneuver.

6 Computer simulation

In this section, the bearings-only tracking is
considered to validate the proposed SCKF-CN and
SCKF-STF-CN. All results are the mean of 1000
Monte-Carlo simulations.

6.1 Bearings-only tracking system

The bearings-only tracking system (Fig. 1) is
composed of two sensors to track a moving target
state, where each sensor can obtain only an angle
measurement to the state, denoted as ey (k) and a,(k),
respectively. The two sensors A and B are fixed, and
the distance between them is d (m).

Y A
(N)

o
=l
A B X (E)

Fig. 1 Bearings-only tracking system

6.2 Tracking model

Considering the system described in Section 2,
the state is denoted as X=[X1k X2k Y1 ks yz,k]T, where
X1x and yx (m) are the displacement components of
east and north, respectively, and x,x and y,y are the
respective velocity components. The target moves
according to a constant velocity (CV) model, and the
transfer matrix in Eq. (1) is

. (35)

o o +— -
o O O
~ 4 o o

where the tracking cycle T=1s.
In terms of the principle of two-position cross-
point, the measurement equation can be established as

X
N X12,k + y12,k
h(xk) = )
Xl,k -d

\'(lek _d)z + y12,k |

and the measurement noise is a Gaussian sequence
with zero mean.

arccos
(36)

arccos

6.3 Examples

Example 1 We compare the estimation precisions of
SCKF-CN and SCKF for the nonlinear state system
with one step correlated noises. Here, Qyx-1=
diag{100, 1, 100, 1}. The scheme to create the noise
correlation is as follows: Let vi=Cwy -1, where C is a
known coefficient matrix with an appropriate dimen-
sionality. Then, we easily have

R =E(V,v)= E(CWk,k—lwl;r,k—lcT)

T T T (37)
:CE(Wk‘k—lwk‘k—l)C :CQk,k—lc :

The initial state is x,=[100, 4.62, 100, 9.62]", the
covariance matrix is

100 1 0 O
1 1 0 0
P, = ,
0 0 100 1
0 0 1 1
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and the known coefficient matrix is

B {0.000001

0.0001  0.0001 0.0001
| 0.0001 '

0.000001 0.00001 0.0001

In addition, for the SCKF, D,=0. The simulation re-
sults are shown in Fig. 2 and Table 1.

80
70 @ i
60}

50}
a0}
30t
20}

X-displacement (m)

10
0

60
sof ()

40

30

20

Y-displacement (m)

10

Time (s)

Fig. 2 Absolute estimation errors of X-displacement (a)
and Y-displacement (b) in Example 1

Table 1 Absolute displacement estimation error

. Absolute error (m) Improved
Displacement
SCKF  SCKF-CN  percentage
X 19.15 4.25 7%
Y 10.99 2.16 80%

We can easily see from the results that SCKF-
CN has better estimation performance than SCKF
without considering the noise correlation for the
nonlinear system with one step correlated noises.
Also, SCKF-CN is more robust than the conventional
SCKF.
Example 2 We compare SCKF-CN with SCKF-
STF-CN on the estimation performance for the
nonlinear system, to show the strong tracking ability
of SCKF-STF-CN towards abrupt state change. For
the convenience of the comparison, we consider D=0,
which means that the process and measurement

Gaussian noises are independent. Thus, SCKF-CN
and SCKF-STF-CN can be marked with SCKF and
SCKF-STF in this example. We set two state muta-
tions from 30 to 40 s, which make the abrupt state
change from 30 to 40 s. The system parameters are

[Q o] _ [T3 T2
Qk,k—l_|:0 Q1}1Q1_|:T2/2 T }

R, =diag{0.001, 0.001}x = /180,
X, =[100, 4.62, 100, 9.62]",
P, =diag{7, 0.01, 7, 0.01}.

The simulation results are given in Fig. 3, Fig. 4,
and Table 2.

1000 [ -—+-- True value
v SCKE
900 —— sckF-sTF
800
700

600

Y-displacement (m)

500

400 ¢

300 350 400 450 500 550 600 650
X-displacement (m)

Fig. 3 Tracking results of two filters

80
70 (@)
60
50
40
30
20
101

0 s

weees SCKE
— SCKF-STF

X-displacement (m)

40
35t (b)
30
25
20
15
10

wevves SCKE
— SCKF-STF |

Y-displacement (m)

%0 10 20 30 40 50 60 70 80 90 100
Time (s)

Fig. 4 Absolute estimation errors of X-displacement (a)

and Y-displacement (b) in Example 2
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Table 2 Absolute displacement estimation error

. Absolute error (m) Improved
Displacement
SCKF SCKF-STF  percentage
X 9.57 2.96 69%
Y 4.68 2.08 55%

The results show that SCKF-STF can achieve a

better tracking effect besides the target state with
abrupt change, and the tracking performance of SCKF
is reduced because the abrupt state change will harm
its estimation accuracy. This is because the fading
factor in STF helps SCKF-STF to obtain the adaptive
tracking ability towards the abrupt target state change.
Fig. 4 also shows that SCKF-STF-CN has better ro-
bustness than SCKF-CN when there is target ma-
neuver or abrupt state change.
Example 3 The simulation is performed to compare
the estimation performance between the proposed
SCKF-STF-CN and the UKF-STF-CN in Li et al.
(2010), to show the superiority of SCKF-STF-CN on
estimation performance. The setup for the abrupt state
change refers to Example 2, and

[Q o T3 T2
Qk‘kl_|:0 le Q1_|:T2/2 T :|,

Vi :CWk,k—l’ Rk :CQk,k—lCT’

initial state x=[100, 4.62, 100, 9.62]", its covariance

. |{100 1] 100 1
P, = diag 11l 11 , and

0.0005  0.0005 0.0005}

1 0.000005
- 0.000005 0.00005 0.0005

0.0005

The results are shown in Fig. 5 and Table 3.

Table 3 Absolute displacement estimation error
Absolute error (m) Improved

UKF-STF-CN SCKF-STF-CN percentage

X 17.73 12.05 32%

Y 16.54 7.75 53%

Displacement

Clearly, SCKF-STF-CN has better tracking
performance than UKF-STF-CN because of the ad-
vantage of SCKF, which uses the spherical cubature
rule and radial rule to optimize the sigma points and

weights. As a result, the capability to deal with a state
with high dimensionality is enhanced. SCKF-STF-
CN also has better stability because of the use of QR
decomposition.

70
60
50
40
30

X-displacement (m)

20
10

0

90
80 (b)
70
60
50
40
30
20
10

----- UKF-STF-CN
—— SCKF-STF-CN

Y-displacement (m)

Time (s)

Fig. 5 Absolute estimation errors of X-displacement (a)
and Y-displacement (b) in Example 3

7 Conclusions

We study nonlinear filtering for the system with
one step noise correlation and abrupt state change
based on the square-root cubature Kalman filter. The
contribution includes two aspects. First, we present
SCKF-CN that can operate with one step correlation
between process and measurement noises. Second, by
introducing the strong tracking concept into SCKF-
CN, we establish a universal nonlinear filtering
method that can not only deal with the correlated
noise but also achieve outstanding tracking ability
towards high-dimensional systems and abrupt change
of target state. In the future, we will extend this algo-
rithm to multisensor nonlinear systems with full noise
correlation and abrupt state change for nonlinear data
fusion.
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